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Solution

We have established from earlier problems that:
nn+1
1+2+3+...+n = n(ntl)
,_n(@2n+1)(n+1)
- 6

Now we’re ready to move onto 13+ 23+ 33+ .. +n

12+ 22+ 32+ ... +n

3

The humdinger with this solution is to use telescoping sums. Note that:
x*=(x-1)*=

x*—(x*-4x3 + 6x% —4x+ 1) =

4x® — 6x* +4x—1

Next consider:

x*=(x-1)*=4x3— 6x* +4x—1

(x — D*=(x-2)*=4(x—1)3-6(x — D2 +4(x — 1)—1
(x — 2)*=(x-3)*=4(x—2)3-6(x — 2)2+4(x — 2)—1
(x — 3)*-(x-4)*=4(x—-3)*-6(x — 3)*+4(x — 3)—1

2)*-(1)*=412)2*-6(2)*+4(2)t -1
(D*=(0)*=4(1)3 —-6(1)*+4(1) -1



Next, add up the x terms. Note all but two cancel out on the left side:
x*-0%=4YyF -6y it +AYY i-YF 1

, X ;3 . . , , _
Let’s isolate Zi=1 L™ onthe left side, since that what’s we’re trying to solve for.

421_11' =x*+ 637 1i Ay 5 i+

Recall, from the beginning that:

Tl =14243+..4n = nin+1)

n(2n+1) (n+1)
6

mi%=12+22+3%+ . +n?=

So, we have:

421_1i 4, 6(n (2n +z)(n +1)) ) n

=n*+n(2n +1)(n +1)-2n(n +1)+n

n(n+1)

=n*+2n3 + 3n? +n'-2n3 - 2nt + n?
=n* + n?

=n% (n?+1)

Dividing both sides by 4, we have:

n?(n?+1)
4

13+23+33%+ .. +n3=Y" 3=



